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A transversely localized light in waveguide: the analytical solution and its potential
application
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Investigation of light in the waveguide structures is a topical modern problem that has long
historical roots. A parallel-plate waveguide is a base model in these studies and it is intensively used
in numerous investigations of nanooptics, integrated circuits and nanoplasmonics. In this letter we
first have found the analytical solution for the light modes in this waveguide. The solution provides a
clear physical picture for description of a light within the broadband spectral range in the waveguide
with various physical parameters. Potential of the analytical solutions for studies of light fields in
the waveguides of nanooptics and nanoplasmonics has been also discussed.
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(310.6628) Subwavelength structures, (350.4238) Nanophotonics and photonic crystals.
Control and manipulations of the spatially confined
light fields are the main objectives of photonics where
various resonators and waveguide structures play a major
role [1–3]. In such environments, the light fields acquire
new unusual properties that have caused a growing wave
of wide interest [4–9]. These investigations were spurred
by the invention of the diverse new nanowaveguide sys-
tems in optics, photonics, plasmonics and its applications
in manipulating the single photon fields [8, 10–14]. Great
expectations in observation of unusual properties of con-
fined light are also associated with using new materials,
such as metamaterials, graphene etc. [11, 14–17]. Theo-
retical study of a light localized in the waveguide struc-
tures is a long-term topical problem [1, 18–23]. However,
in spite of the numerous studies there are no analytical
solutions providing clear physical picture together with
accurate mathematical description of the light fields in
the various waveguides.
A parallel-plate (planar) waveguide depicted in Fig. 1
is a basic model for numerous theoretical investigations
where a light is localized in a small volume between the
two planes. Such type of the waveguides is included as a
key part in many structures (e.g. Metal insulator metal
waveguide with bends [24], as a part of the split-ring
resonators [25], or as a subwavelength hole in a thick
screen [26], or as an approximation model for V-groove
waveguide [27]), waveguide arrays, etc. (see [28] and ref-
erences there). The developed nanooptics increases an
interest to the theory of a light in the planar waveguides
characterized by various geometry and material proper-
ties [24, 26, 29–36]. Now the researchers need to use
the numerical methods providing only numerical data of
the calculations restricted by the concrete physical and
geometrical parameters of the planar waveguides. Un-
fortunately, these studies do not give a possibility to get
a deeper understanding of the analyzed processes and
to predict the light properties for another values of the
FIG. 1. (Color online) The three-layer planar waveguide
consists of the core layer of transverse dimension L = a + b,
with permittivity εco(ω) and magnetic permeability µco(ω),
where ω = 2πc/λ, c is a speed of light, λ - the wavelength.
The thicker claddings are placed at x = b and x = −a with
ε±(ω), µ±(ω). The light modes propagate along the waveg-
uide axis z.
physical and geometrical parameters.
In this letter we develop the theoretical approach and
have obtained the transparent analytically simple solu-
tion for a light in the parallel-plate waveguide. For in-
spection of the obtained solution, we have used the com-
prehensive numerical calculations [31] carried out in the
wide frequency range.
In this approach we use the general properties of a
transversely confined photon. The photon wave packet
confined in the spatial mode with finite cross-section ac-
quires the spectral dispersion in the form of Hamiltonian
function ℏω =
√
(ℏckz)
2 +Wn corresponding to the rela-
tivistic particle with a finite massm0 [37–39] propagating
along z−direction, where Wn = (moc
2)2 =
(
ℏck⊥n
)2
, ℏ -
Planck constant, kz and k
⊥
n are the longitudinal and the
transverse wavenumbers of the light mode ψn.
The transverse confinement dramatically changes the
fundamental properties of a photon and leads to the min-
2imum frequency ωn = m0c
2/ℏ of n-th photon mode that
is caused by the work of forces on the photon confine-
ment. The crucial role of the nonzero photon mass in
Bose-Einstein condensation of photons in the optical mi-
crocavity has been demonstrated in the recent experi-
ment [40] while the important role of the nonzero photon
mass in many other light effects remains an open area.
In practice, the waveguides have various geometries,
physical properties of the used materials [22] that deter-
mine specific features of the photon modes ψn, its rest
mass mo, and minimum frequency ωn, respectively. In
particularly, we have ωn =
pin
L
c and m0 =
pinℏ
cL
for the
planar waveguide with the transverse width L and per-
fect metal cladding. By using the mathematical method
of B.Kacenelenbaum [41], below we develop a perturba-
tive analysis of the transverse confinement term Wn and
nonzero photon mass, respectively, in the planar waveg-
uides with various geometric and physical characteristics.
Three layer planar waveguide consisting of the thin
slab and two much thicker claddings is depicted in Fig.
1. The eigen light modes are expressed here through the
Hertz potentials [42]:
ψn =


Ane
−k+x, x > b ,
Bn sink
⊥
n x+ Cn cos k
⊥
n x, x ∈ (−a; b),
Dne
k−x, x < −a,
(1)
where ei(kzz−ωt) is omitted (for notation convenience),
kz is the wavenumber parallel to the interface, k
⊥
n is the
transverse wavenumber in the core, k2z + k
⊥2
n = k
2
0εcoµco,
k± are the transverse wavenumbers in the claddings k
2
± =
k2z−k
2
0ε±µ± (where indexes ”co” and ”±” denote the core
and the claddings, see also Fig.1). Here we restrict our
attention to the transverse magnetic (TM) modes (the
transverse electric (TE) modes can be studied in a similar
way) for which the electric and magnetic components of
the modes are written as follows:
~En =
(
∂2ψn
∂z∂x
, 0, ∂
2ψn
∂z2
)
, ~Hn =
(
0, ik0ε(x)
∂ψn
∂x
, 0
)
. (2)
From the boundary conditions for the confined light at
the two interfaces x = −a and x = b we can get in
standard way [43] the dispersion relation in the form of
transcendental equation:
tan
(
k⊥n (a+ b)− nπ
)
=
−
(
ε+
k+
+ ε−
k−
)
εco(ω)
k⊥
n(
εco(ω)
k⊥
n
)2
− ε+
k+
ε−
k−
. (3)
It is necessary to have the eigen mode dispersion rela-
tion in the form k = k(ω) that can provide principal in-
formation about the localized electromagnetic fields such
as the phase and group velocities, transverse shape and
propagation length of the low-losses modes(see [12] [28]
and references there). Unfortunately, the transcenden-
tal equation (3) does not have analytical solution and
this is the well-known long-term problem (see for exam-
ple references [22, 23, 31, 32, 43–45]) of general analysis
of light in various waveguides. The existing theoretical
approaches permit only the approximate solutions of the
transcendental equation in three limiting cases: i) near
cuttoff, ii) at short-wave limit Lω/c≫ 1, and iii) in the
strongly asymmetrical case (see, for example [22]). While
the nanowaveguide structures characterized by the inter-
mediate sizes (Lω/c ≤ 1) are studied only by the numer-
ical methods [22, 43] (see also recent works [24–27, 29–
36]).
For analytical solution of Wn we develop the per-
turbative method [41] for the original wave equation
∆ψn + k
⊥ 2
n ψn = 0 by taking into account the funda-
mental Hamiltonian form of the noted spectral dispersion
ℏω. Here, the eigen mode ψn and Wn are decomposed
in a series with respect to a small parameter | q | < 1 as
follows:
Wn = (ℏc)
2(k⊥2n (0) + qk
⊥2
n (1) + ...+ q
jk⊥2n (j) + ...),
ψn = ψ
(0)
n + qψ
(1)
n + ...+ qjψ
(j)
n + ...,
(4)
where the physical meaning of q is discussed below.
By inserting (4) in the wave equation and equating
the terms of the same order to the small parameter q, we
obtain ∆ψ
(0)
n + k⊥ 2n (0)ψ
(0)
n = 0 and ∆ψ
(1)
n + k⊥ 2n (1)ψ
(0)
n +
k⊥ 2n (0)ψ
(1)
n = 0. One can (i) multiply the first equation by
ψ1, the second by ψ0, (ii) integrate the equations over the
waveguide cross section S by taking into account Green’s
theorem and normalization k⊥2
n (0)
∫
dSψ
(0) 2
n = 1, and (iii)
subsequent subtract of two integrals that will lead to:
k⊥2n (1) =
∮
C
dC
(
ψ(1)n
∂ψ
(0)
n
∂N
− ψ(0)n
∂ψ
(1)
n
∂N
)
∣∣C , (5)
where C is the contour of the cross section S, ~N is a
unit vector normal to the interface between the core and
claddings.
The solution k⊥2
n (1) in (5) is expressed through the
boundary values of the functions ψ
(0)
n and ψ
(1)
n on the
contour C. In order to find the function ψ0, ψ1 on
the contour C, we apply the Rytov-Leontovich boundary
condition which has been successfully used for studying
the light effects on the interface between two different
materials [44]. This condition determines the relation
between the magnetic and electric fields of light mode at
the boundary contour C through the impedance ζ± of
claddings :
~Eco ∣∣C ∼= ζ±
[
~Nx ~Hco
]∣∣C , (6)
3where ζ2±(ω) = µ±(ω)/ε±(ω) and it is assumed that ζ±
has the same order of smallness as the parameter q. It
is worth noting that it is possible to use the modified
Rytov-Leontovich boundary condition for the light fields
on the interfaces characterized by nonlocal spatial re-
sponses [46].
Substituting (2), (4) in (6) and equating the zero-
order terms, we find ψ
(0)
n
∣∣C = 0, this corresponds to the
TM mode of the waveguide with perfect metal cladding.
Here, we have ψ
(0)
n = Bn sin(k
⊥
n (0)x) + Cn cos(k
⊥
n (0)x),
where Bn and Cn are determined from the boundary con-
ditions on the countour C and by normalization condition
of ψ
(0)
n , k⊥ 2n (0) =
(
pin
b+a
)2
. By performing the same calcu-
lations with (2), (4) in (6) for the first order of smallness
ζ± and by taking into account that ψ
(0)
n
∣∣C = 0, we get
for ψ
(1)
n
∣∣C :
q ψ(1)n
∣∣C = − ik0ǫcok⊥20 ζ±
∂ψ0
∂N
∣∣C . (7)
Using the fact that the impedance is independent of the
transverse coordinates and substituting ψ
(0)
n , and ψ
(1)
n in
(5), then we find the analytical expression for the wave
number in the asymmetric waveguide up to first order of
the perturbation expansion:
k2⊥ =
(
pin
b+a
)2
− (ζ+ + ζ−)
2ik0εd
b+a ,
k2z = k
2
0εdµd −
(
pin
b+a
)2
+ (ζ+ + ζ−)
2ik0εd
b+a .
(8)
In case of the symmetric waveguide (ζ+ = ζ− = ζcl and
b = a), the dispersion relation of even modes is given by:
k2⊥ =
(
pin
a
)2
− ζcl
2ik0εd
a
,
k2z = k
2
0εdµd −
(
pin
a
)2
+ ζcl
2ik0εd
a
,
(9)
and for the odd field modes we have:
k2⊥ =
(
pi
2a +
pin
a
)2
− ζcl
2ik0εd
a
,
k2z = k
2
0εdµd −
(
pi
2a +
pin
a
)2
+ ζcl
2ik0εd
a
,
(10)
where n = 0, 1, 2, ... defines a set of waveguide modes.
The analytical solutions (8)-(10) of the studied problem
is the main result of this work. The wave numbers al-
low to find the field modes ψn with the same accuracy.
Herein, the simple form of (8)-(10) will clarify the physi-
cal analysis and provide a significant advance in studying
concrete tasks. It is worth noting a simplicity and perfect
relation in (8)-(10) between the wave number, geometri-
cal sizes and physical parameters of the media. At the
same time the equations remain valid in a wide range of
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FIG. 2. (Color online) Spectral behavior of the refractive
index |ncl| (blue line), and the impedance |ζcl| (red dashed
line) of the metamaterial as functions of ω/ωe.
frequencies and the geometric dimensions of the waveg-
uide. Below we compare (8)-(10) with the numerical re-
sults obtained obtained for the waveguides with realistic
physical parameters.
The intensive recent numerical studies of the light
field propagation in the planar nanowaveguide with the
metamaterial cladding for the waveguides have been per-
formed in the works [31, 32]. This analysis required quite
large computing resources. In case of the metamaterial-
dielectric interface, the light field can be pushed out from
the metamaterial into the dielectric core when dielectric
permittivity and magnetic permeability of the metama-
terial are both negative. As a result, the low-losses field
modes are excited on the dielectric/metamaterial inter-
face [47, 48]. Nanowaveguides [28] with such metama-
terial claddings seem to be promising for realization of
highly confined low-losses modes.
We compare the numerical results for TM even modes
[31, 32] with our analytical solution (9). The metamate-
rial claddings were described by the Drude-like model of
permittivity and permeability:
ε(ω)/ε0 = 1− ω
2
e/(ω(ω + iγe)),
µ(ω)/µ0 = 1 + Fω
2/(ω20 − ω(ω + iγm)),
(11)
where the electric γe = 2.73 · 10
13s−1 and magnetic
γm = γe damping rates are much less than the carrier
frequency of interest; γe,m ≪ ω, ωe = 1.37 · 10
16s−1 is a
plasma frequency of the material, ω0 = 0.2ωe is a binding
frequency, and F = 0.5 is a geometrical factor accounts
for the magnetic oscillation strength.
The spectral properties of the impedance ζcl(ω) and
the refractive index ncl(ω) (n
2
cl(ω) = ε(ω)µ(ω)) for used
metamaterial cladding are presented in Fig. 2. As it
is seen in Fig. 2, the condition |ζcl| < 1 is satisfied for
the frequencies ω < 0.85ωe (except small area around
ω = 0.2ωe), so the perturbative expansion (4) is valid
for most of the spectral range. It is seen in Figs. 3,
4 that each TM mode has its spectral domain where
the good match between the analytical and the numer-
ical solutions occurs. In particular, for the first TM
4e
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FIG. 3. (Color online) The behavior of Re{kz} for the TM
modes: TMn=1, TMn=2 depending on the frequency; the an-
alytical solutions (solid curves) and the numerical (dashed
curves) solutions are presented here for the transverse size
2a = 4πc/ωε ≈ 275 nm, and ǫco = 1.3, µco = 1.
e
w w
FIG. 4. (Color online) The behavior of Im{kz} for the
TM modes: TMn=1, TMn=2, depending on the frequency.
The analytical solutions (solid curves) and the numerical
(dashed curves) solutions are given for the waveguide width
2a = 4πc/ωε ≈ 275 nm. The enlarged scale inset shows
the sharp dips in the attenuation coefficients close to the
frequency ∼ 0.2ω/ωe for the both light modes (the curves
demonstrate perfect coincidence between the analytical and
the numerical solutions for these dips).
mode (n=1), we have found the analytical solution kanz
for the longitudinal wave number coincides with the nu-
merical one knumz with precision
| kan
z
|−| knum
z
|
| knum
z
| < 10
−2
for the spectral range ω < 0.25ωe (except for a small
spectral range ≈ 0.04ωe around ω ∼= 0.2ωe) where the
Rytov-Leontovich condition holds. In the spectral range
0.25ωe < ω < 0.85ωe, the precision of the wave number
remains high
| kan
z
|−| knum
z
|
| knum
z
| < 5 · 10
−2 (i.e. in 5 times
smaller, except the small area around cut-off frequency
0.4ωe). The solution Eq. (9) has a large accuracy within
the quite broad spectral range where the impedance is
sufficiently low | ζcl | < 1 and moreover it occurs even for
the | ζcl | ∼ 1 provided the refractive index of cladding
materials is sufficiently large |ncl | > | ζcl |. Herein, the
higher orders of the perturbation terms in series (4) make
a negligible contribution in the analytical solution.
As it is seen in Fig.4, the difference between the an-
alytical and the numerical solutions for attenuation co-
efficient is negligible within the broad spectral range of
the figure. The good description of the approximate an-
alytical solution is provided by the high accuracy of the
Rytov-Leontovich boundary condition (6) (see, for ex-
ample [49]) that means close to perfect metallic behav-
ior of the waveguide cladding within the studied spec-
tral range. The similar high accuracy of the analytical
description was observed in preliminary our results ob-
tained for cylindrical waveguides with metal claddings
[50, 51]. Good analytical description occurs also for the
attenuation coefficient of the second TM-mode (n=2).
Since the second mode has a more complex spatial struc-
ture near the interface, the boundary conditions for the
field mode should be modified in comparison with Eq.(6)
in accordance to [52, 53] that indicates to the possible
improvement of the developed analytical approach.
As seen in Fig. 4, the small dips in the attenuation
coefficient for the both TM light modes demonstrate an
emergence of the low-losses field modes (numerical and
theoretical calculations are indistinguishable at the en-
larged insert of the figure). It should be emphasized
that the narrow spectral dip (with spectral accuracy
∼ 10−3ωo) is very well described by theoretically along
with the high accuracy of the attenuation description for
the spectral range ωo. Our preliminary analysis of the
analytical solution (9) in this spectral range shows the
spectral dip parameters (width and depth) are highly
sensitive to the waveguide transverse size, the field in-
terference effects and the intensity distribution in the
waveguide cross section. Detailed studying of the waveg-
uides characterized by the very deep spectral dip of the
light mode attenuation is very important for searching of
low losses light modes and should be a subject of further
investigation.
In conclusion, thus we have found the analytical so-
lutions (8)-(10) in the critical problem of theoretical de-
scription of the light propagation in the nanowaveguide.
Herein, we have developed the special perturbative ap-
proach for the light field studies that is based on using the
approximate boundary conditions and general properties
of Hamiltonian function of a light in such waveguides.
The developed theory has demonstrated a robust predic-
tive opportunity for the analytical study of transversely
confined light fields within wide spectral range.
We note that the simple structure of the analytical so-
lutions (8)-(10) and their clear physical properties will be
preserved for more complicated waveguides. These prop-
erties will significantly facilitate a future analysis and
could provide an advance progress for the solution a se-
ries of topical problems in nanooptics, integrated circuits
and nanoplasmonics. In particular, this approach can
be used for understanding the properties of the waveg-
uide excitations [25, 29, 35], their interaction with local-
ized emitters [14, 47, 54, 55] and strong spin-orbit inter-
action of the light fields in the various nanowaveguides
[5, 6, 9, 56–58]. Moreover, our solutions can be valuable
for detailed calculation of new metamaterials fabricated
5of the nanowaveguide blocks (see [4]), for elaboration of
the waveguide light switchers [25, 29, 35] and for ultra-
compact on-chip devices of waveguide quantum technol-
ogy [14, 47, 59, 60]. All these issues will be a subject of
further analytical investigations.
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